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Abstract
Let f(n) be the smallest integer t such that a poset obtained from a Boolean lattice with n
atoms by deleting both the largest and the smallest elements can be partitioned into t antichains
of the same size except for possibly one antichain of a smaller size. In this paper, it is shown
that f(n)6 b n2=log n. This is an improvement of the best previously known upper bound for
f(n). c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Problems concerning partitions of Boolean lattices into chains are among widely
studied combinatorial problems for Boolean lattices (cf. [3]). The problem of partition-
ing of a Boolean lattice into chains of equal size has received considerable attention.
Let Bn denote a Boolean lattice with n atoms. Sands [8] gave a conjecture that for
n su<ciently large given k, there exists a partition of Bn into chains of cardinality 2k .
The conjecture is easy to verify for k =1 and 2 it was shown by Griggs et al. [4]. A
more general conjecture was posed by Griggs [3] and settled by Lonc [7] who proved
the following theorem.
There exists an integer n0= n0(c) such that for n¿n0 the Boolean lattice Bn can
be partitioned into chains of size c, except for at most c − 1 elements which also
form a chain.
F@uredi [2] conjectured even a stronger statement is true: there exists a partition of
Bn into chains of size c=
√ 
2
√
n(1 + o(1)), except for at most c− 1 elements which
also form a chain. The expression for c occurring in this conjecture is the largest c
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consistent with Sperner’s theorem. Elzobi and Lonc [1] have shown a result supporting
the conjecture of F@uredi by proving that there exists a partition of Bn into chains of
size c=  16 (log log n)1=2, except for at most c− 1 elements which also form a chain.
(Throughout the paper by log n we always mean log2 n.) Recently, Hsu et al. [10]
have proved a very strong result related to the F@uredi conjecture: the Boolean lattice
Bn can be partitioned into
(
n
n=2
)
chains of size at least 12
√
n.
In this article, we consider a variation of a dual problem, i.e. the problem of par-
titioning of a Boolean lattice into antichains of equal size. Partitions of the Boolean
lattice Bn into antichains of size c except for at most c− 1 elements which also form
an antichain can be done for c=1 only. The reason is that Bn has two elements (the
least and the greatest) which do not belong to any nontrivial (i.e. of size larger than
1) antichains. Therefore, we consider a variation of this problem. Delete the least and
the greatest elements from Bn and call such a poset B′n.
Lonc [6] proved that for every d¿1 there is n0= n0(d) such that if n¿n0 and
c6 2n=dn2 then the poset B′n can be partitioned into antichains of size c except for
at most c− 1 elements which also form an antichain. Moreover, he deHned a function
f(n) to be the smallest integer t such that there is a partition of B′n into t antichains
of the same size except for at most one antichain of a smaller size. An obvious lower
bound for f(n) is f(n)¿n − 1 as B′n contains an (n − 1)-element chain (the ele-
ments of this chain must belong to diIerent antichains in any partition of B′n into
antichains). On the other hand, Lonc [6] proved that there is a constant a such that
f(n)6an2.
In this note, we improve the upper bound for f(n) by proving that there is a constant
b such that
f(n)6b
n2
log n
:
2. Results
Let [n] = {1; 2; : : : ; n}. We start with three auxiliary lemmas.
Lemma 2.1. Let n¿3, B ⊆ Bn and |B|¿n2. Then B contains at least n− 3 pairwise
disjoint antichains (in Bn) of sizes at least |B|=2n, each of them contained in exactly
one level of Bn.
Proof. Partition each set B∩Lk into as many subsets of size |B|=2n as possible and
one, called Rk , of a size smaller than |B|=2n (we admit Rk = ∅), where Lk is the kth
level of Bn, k =0; 1; : : : ; n. Then the number of antichains of size  |B|=2n obtained in
this way is
n∑
k=1
⌊ |B ∩ Lk |
|B|=2n
⌋
=
n∑
k=1
|B ∩ Lk | − |Rk |
|B|=2n
=
1
|B|=2n
(
|B| −
n∑
k=1
|Rk |
)
¿
|B|
|B|=2n −
n|B|=2n
|B|=2n
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¿
|B|
|B|=2n+ 1 − n = 2n−
4n2
|B|+ 2n − n
¿ n− 4n
2
n2 + 2n
¿n− 4:
Lemma 2.2. If n¿p(p− 1) then there is a partition of [n] into m p-element and r
(p+ 1)-element subsets, where 06m6p and r¿0.
Proof. It was shown by Sylvester (see [5, p. 113]) that for any positive relatively
prime integers a and b, every integer n¿(a− 1)(b− 1) can be written as n=ma+ rb,
for some nonnegative integers m and r. In particular, for a=p and b=p+ 1, we get
n=mp+ r(p+ 1) (1)
for every n¿p(p − 1). We can assume, without loss of generality, that m¿0 is the
smallest possible positive integer such that (1) is satisHed (for some r¿0). If m¿p+1
then m′=m − (p + 1)¿0 and n′= n + p¿0 satisfy (1) as well, contradicting to the
deHnition of m. Hence, 06m6p.
Lemma 2.3. Let m, p and r be positive integers.
(a) (2p − 1)m=2p+1 − 1)m¿ 23 1=2m for 06m6p and p¿1.
(b) 2p¿1=(p− log(2p − 1)).
(c) (2p+1 − 1)r6 12 2(p+1)r , for r¿2p+1.
Proof. (a) For p=1 one can verify the inequality immediately. Assume that p¿2.
We shall apply the routine-to-verify fact that the function
f(x)=
(
1− 1
2x+1 − 1
)x
is increasing for x¿2.
Notice that(
2p − 1
2p+1 − 1
)m
=
1
2m
(
1− 1
2p+1 − 1
)m
¿
1
2m
(
1− 1
2p+1 − 1
)p
¿
1
2m
(
1− 1
23 − 1
)2
=
36
49
1
2m
¿
2
3
1
2m
:
(b) It is easy to check that the function g(x)= x log(1 + 1=(x − 1)) is decreasing
for x¿1. Since limx→∞ g(x)= 1= ln 2, x log(1+1=(x− 1))¿1= ln 2, for x¿1. Conse-
quently, for x=2p we have 2p log(1 + 1=(2p − 1))¿1= ln 2¿1, so
2p¿
1
log(1 + 1=(2p − 1)) =
1
log (2p=(2p − 1)) =
1
p− log(2p − 1) :
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(c) By (b), we get
r¿2p+1¿
1
(p+ 1)− log(2p+1 − 1) :
So
r(p+ 1)− 1¿ r log(2p+1 − 1) = log(2p+1 − 1)r
and Hnally
2r(p+1)−1¿(2p+1 − 1)r :
Lemma 2.4. Let G be a bipartite graph with vertex classes X and Y such that
degG v= k¿1 for every v∈X . Then G has a factor whose components are stars
centered at each v∈Y with either degG v=k or degG v=k leaves.
Proof. The lemma follows immediately from a much stronger theorem by de Werra [9]:
For every k¿1 a bipartite graph G is a union of k edge-disjoint graphs G1; : : : ; Gk
such that degG v=k6degGi v6degG v=k for each v∈V (G).
The next lemma is the central part of our reasoning.
Lemma 2.5. Let n¿16 and let B1; B2; : : : ; Bm+r be a partition of [n] such that |Bi|=p
¿1 for i=1; : : : ; m and |Bi|=p+ 1 for i=m+ 1; : : : ; m+ r, 06m6p, r¿0. De5ne
NBi = {[n]− {b}: b∈Bi}. If r¿2p+1 then there exists a family of pairwise disjoint
subsets Aij and NA
i
j of levels in Bn, j=1; : : : ; m + r, i=1; : : : ; n − 3 of sizes at least
1
24 (p=n
2) 2n − 1 such that the sets Bj ∪Aij and NBj ∪ NAij are antichains in Bn.
Proof. Let Ak be the family of subsets of [n] disjoint from exactly k of the sets
B1; : : : ; Bm+r . Consider a bipartite graph Gk , k =0; 1; : : : ; m + r, whose vertex classes
are {B1; : : : ; Bm+r} and Ak . A pair BjA, A∈Ak , is an edge in Gk if Bj ∩A= ∅. Clearly,
degGkA= k for every A∈Ak .
For every Bj, j=1; : : : ; m, denote by C
j
‘ , 16‘6 k, the collection of sets C ∈Ak
that are disjoint from exactly ‘ of the sets B1; : : : ; Bm, one of which is Bj. Each member
of Cj‘ intersects exactly m − 1 − (‘ − 1)=m − ‘ of the sets B1; : : : ; Bj−1; Bj+1; : : : ; Bm
and exactly r − (k − ‘) of the sets Bm+1; Bm+2; : : : ; Bm+r . Hence
|Cj‘ | =
(
m− 1
m− ‘
)
(2p − 1)m−‘
(
r
r − (k − ‘)
)
(2p+1 − 1)r−(k−‘):
So
degGk Bj =
k∑
‘=1
|Cj‘ |=
k∑
‘=1
(
m− 1
m− ‘
)
(2p − 1)m−‘
×
(
r
r − (k − ‘)
)
(2p+1 − 1)r−(k−‘)
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=
k∑
‘=1
(
m− 1
‘ − 1
)(
r
k − ‘
)
(2p − 1)m(2p+1 − 1)r−k
(
2p+1 − 1
2p − 1
)‘
¿ (2p − 1)m(2p+1 − 1)r−k
k∑
‘=1
(
m− 1
‘ − 1
)(
r
k − ‘
)
= (2p − 1)m(2p+1 − 1)r−k
(
m+ r − 1
k − 1
)
:
We used here the identity
∑k
j=0(
M
j )(
N
k−j )= (
M+N
k ).
Similarly, if j=m+ 1; : : : ; m+ r then
degGk Bj =
k−1∑
‘=0
(
m
m− ‘
)
(2p − 1)m−‘
(
r − 1
r − (k − ‘)
)
(2p+1 − 1)r−(k−‘)
¿ (2p − 1)m(2p+1 − 1)r−k
k−1∑
‘=0
(
m
‘
)(
r − 1
k − ‘ − 1
)
= (2p − 1)m(2p+1 − 1)r−k
(
m+ r − 1
k − 1
)
:
By Lemma 2.4, for every k¿0, the graph Gk has a factor Fk whose components are
stars, their centers are Bj’s and the sizes are at least
⌊
1
k
(2p − 1)m(2p+1 − 1)r−k
(
m+ r − 1
k − 1
)⌋
=
⌊
1
m+ r
(2p − 1)m(2p+1 − 1)r−k
(
m+ r
k
)⌋
: (2)
Consider a bipartite graph G whose one vertex class is {B1; : : : ; Bm+r ; NB1; : : : ; NBm+r}
and the other vertex class is the set A=
⋃m+r
k=0 Ak of all subsets of [n]. For A∈Ak ,
BjA is an edge in G if BjA is an edge in Fk , and NBjA is an edge in G if Bj([n]−A) is an
edge in some F‘, where [n]−A∈A‘. Clearly, for every A∈A, degG A62. Moreover,
observe that the set of neighbors of Bj in G consists of those A∈A for which BjA is
an edge of some of the graphs Fk , k =1; 2; : : : ; m + r. Similarly, the set of neighbors
of NBj in G consists of those A∈A for which Bj([n] − A) is an edge of some of the
graphs F‘, ‘=1; 2; : : : ; m+ r. Therefore, degG Bj =degG NBj for every j=1; 2; : : : ; m+ r.
Let H be a subgraph of G induced by vertices in A of degree 2 in G and their
neighbors. By Lemma 2.4, H has a factor F ′ whose components are stars with centers
at Bj’s and NBj’s and sizes at least  12 degH Bj and  12 degH NBj, respectively.
DeHne F to be a factor in G whose components are stars with centers at Bj’s and NBj’s
and obtained from F ′ by adding edges of G incident with vertices of degree 1 in A.
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Then for every Bj and NBj, we have
degF Bj¿ degG Bj − degH Bj +  12 degHBj
= degG Bj −  12 degH Bj¿degG Bj −  12 degG Bj =  12 degG Bj:
Similarly,
degF NBj¿ 12 degG NBj=  12 degG Bj:
By (2),
degG Bj = degG NBj =
m+r∑
k=1
degFk Bj
¿
m+r∑
k=1
⌊
1
m+ r
(2p − 1)m(2p+1 − 1)r−k
(
m+ r
k
)⌋
¿
(
1
m+ r
(2p − 1)m(2p+1 − 1)r
m+r∑
k=1
(
m+ r
k
)
1
(2p+1 − 1)k
)
− (m+ r)
=
1
m+ r
(2p − 1)m(2p+1 − 1)r
[(
1 +
1
(2p+1 − 1)
)m+r
− 1
]
− (m+ r)
=
1
m+ r
(
2p − 1
2p+1 − 1
)m
2(p+1)(m+r)
− 1
m+ r
(2p − 1)m(2p+1 − 1)r − (m+ r):
By Lemma 2.3(a) and (c),
degG Bj¿
1
m+ r
2
3
1
2m
2(p+1)(m+r) − 1
m+ r
2pm
1
2
2(p+1)r − (m+ r)
=
1
6
1
m+ r
2pm+(p+1)r − (m+ r) = 1
6
1
m+ r
2n − (m+ r):
Hence,
degF Bj¿
⌊
1
12
1
m+ r
2n − m+ r
2
⌋
and consequently,
degF NBj¿
⌊
1
12
1
m+ r
2n − m+ r
2
⌋
:
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For j=1; : : : ; m+ r denote by Bj (resp. NBj) the family of subsets of [n] which are
leaves of the stars in F with the centers at Bj (resp. NBj). Clearly Bj (resp. NBj) consists
of sets not intersecting Bj (resp. containing Bj).
Notice that n=mp+ r(p+ 1)¿(m+ r)p, so m+ r6 np6n. Hence
|Bj|=degF Bj¿
⌊
1
12
1
m+ r
2n − m+ r
2
⌋
¿
⌊
1
12
1
n
2n − n
2
⌋
¿n2;
for n¿16. Similarly,
| NBj|¿n2:
By Lemma 2.1 Bj (resp. NBj) contains at least n − 3 pairwise disjoint subsets
Aij (resp. NA
i
j ), i=1; : : : ; n − 3, which are subsets of levels in Bn and have sizes at
least
|Bj|
2n
¿
1
2n
⌊(
1
12
1
m+ r
2n − m+ r
2
)⌋
¿
1
24
1
n(m+ r)
2n − m+ r
4n
− 1
2n
¿
1
24
p
n2
2n − 1;
because n¿(m+ r)p. Similarly,
| NBj|
2n
¿
1
24
p
n2
2n − 1:
Clearly all the sets (Bj ∪Aij ) and ( NBj ∪ NAij ) are antichains in Bn.
The following theorem is our main result of this paper.
Theorem 2.6. There exists an integer n0 such that if n¿n0 and n=(p+1)¿2p+1 +p
then for c6 1216 (p=n2)2n the poset B′n can be partitioned into antichains of size c
except for at most c − 1 elements which also form an antichain.
Proof. Let Pi = {A∈Li: 1∈A}. Denote by s6(n− 1)=2 the smallest integer such that
the number ( n−1s−1 ) of elements in Ps is at least
1
216 (p=n
2)2n. The number s is well
deHned because
2n−1 =
n−1∑
i=0
(
n− 1
i
)
6n
(
n− 1
 n−12 
)
and by the assumptions p6n=(p+ 1)6n so, for n¿3,(
n− 1
 n−12  − 1
)
=
(n− 1)=2
n− (n− 1)=2
(
n− 1
n−1
2
)
¿
2n−1
108n
¿
1
216
p
n2
2n:
Since s6(n− 1)=2, the number of elements in Ls − Ps is ( n−1s )¿( n−1s−1 )¿ 1216 (p=n2)2n.
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For ‘= s; s+1; : : : ; n− s, let R‘ (resp. Q‘) be any subset of P‘ (resp. L‘ −P‘) such
that |R‘|= |Q‘|= (p=216n2)2n.
By Lemma 2.2, there is a partition B1; B2; : : : ; Bm+r of [n] into m p-element and r
(p+ 1)-element subsets, where 06m6p. Hence
r =
n− mp
p+ 1
¿
n
p+ 1
− p
2
p+ 1
¿2p+1 + p− p = 2p+1:
Let S ij ={A∈Li: Bj∩A =∅ and A⊆Bj∪ · · · ∪Bm+r} for i=1; : : : ; n−1 and j=1; : : : ;
m+r. Clearly, {Si1; Si2; : : : ; Sim+r} is a partition of Li. For i=1; : : : ; s−1, deHne Dij = S ij ∪
Aij , where A
i
j ’s are the sets whose existence is guaranteed by Lemma 2.5, for n¿16
in particular Bj ∩B= ∅ for every B∈Aij .
We shall prove that the sets Dij are antichains in B
′
n. Indeed, every member A of S
i
j
intersects Bj while Bj ∩B= ∅ for every B∈Aij . Hence, A ⊆B.
Let us show that B ⊆A. One can easily check using Stirling’s formula that(
n
 n3
)
=
3
2
√
n
(
3
22=3
)n
(1 + o(1));
so for n su<ciently large(
n
 n3
)
¡
2√
n
(
3
22=3
)n
¡
1
216
p
n2
2n6
(
n− 1
s− 1
)
¡
(
n
s− 1
)
;
so s− 1¿n=3 and consequently
n
s
(n− s+ 1)=(s− 1)¡n2=(s− 1)2:
By the deHnition of s, ( n−1s−2 )¡
1
216 (p=n
2)2n. Therefore by Lemma 2.5, for every Aij ,
|Aij |¿
1
24
p
n2
2n − 1 = 9 1
216
p
n2
2n − 1¿9
(
n− 1
s− 2
)
− 1
¿
n
s
n− s+ 1
s− 1
(
n− 1
s− 2
)
− 1 =
(
n
s
)
− 1
so
|Aij |¿
(
n
s
)
=
(
n
n− s
)
: (3)
Hence Aij ⊆Lt , where t= s; s + 1; : : : ; n − s. Since S ij ⊆Li, i=1; 2; : : : ; s − 1, we get
B ⊆A for A∈ S ij and B∈Aij . We proved that A and B are noncomparable in B′n, so Dij
is an antichain B′n, for i=1; : : : ; s− 1, j=1; : : : ; m+ r.
Dually, we deHne NS ij = {A∈Li: Bj ⊆A and B1 ∪ · · · ∪Bj−1⊆A} for i=1; : : : ; n− 1,
j=1; : : : ; m+ r. The family { NSi1; NS
i
2; : : : ; NS
i
m+r} is a partition of Li. For i= n−1; : : : ; n−
(s− 1), deHne NDij = NS ij ∪ NAij , where NAij ’s are the sets whose existence is guaranteed by
Lemma 2.5.
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Similarly as before we can prove that the sets NDij are antichains in B
′
n. Indeed, let
A∈ NS ij and B∈ NAij . Then Bj ⊆A, so there is b∈Bj such that A⊆ ([n]−{b})∈ NBj. Since
NBj ∪ NAij is an antichain (see Lemma 2.5), B ⊆ [n]−{b}, so consequently B ⊆A. On the
other hand, calculating as in (3) we show that
| NAij |¿
1
24
p
n2
2n − 1¿
(
n
n− s
)
:
Hence NAij ⊆Lt , where t= s; s+1; : : : ; n−s. Since NS ij ⊆Li, where i= n−1, n−2; : : : ; n−
(s − 1), A ⊆B for A∈ NS ij and B∈ NAij . We proved that A and B are noncomparable in
B′n, so ND
i
j is an antichain in B
′
n.
We have shown that the family of pairwise disjoint antichains
{Dij : i = 1; : : : ; s− 1; j = 1; : : : ; m+ r}
∪{ NDij : i = n− 1; : : : ; n− (s− 1); j = 1; : : : ; m+ r}
covers the levels L1; : : : ; Ls−1; Ln−1; : : : ; Ln−(s−1). Moreover, |Dij |¿|Aij |¿ 124 (p=n2)2n and
| NDij |¿| NAij |¿ 124 (p=n2)2n.
Let R=
⋃n−s
‘=s (R‘ ∪Q‘). Since each of the sets Dij intersects at most one R‘ and at
most one Q‘, and the same for NDij .
|Aij − R|¿ |Aij | − 2
⌈
1
216
p
n2
2n
⌉
¿|Aij | − 2
(
1
216
p
n2
2n + 1
)
¿
1
24
p
n2
2n − 1
108
p
n2
2n − 2=
(
1
24
− 1
108
)
p
n2
2n − 2
=
7
216
p
n2
2n − 2:
Similarly,
| NAij − R|¿
7
216
p
n2
2n − 2:
Divide each of the antichains Dij − R (resp. NDij − R) into antichains of size c6 1216
(p=n2)2n and a remainder of a smaller size such that S ij (resp. NS ij ) do not have
common elements with the remainder. It is possible because
|Aij − R|¿
7
216
p
n2
2n − 2¿
⌈
1
216
p
n2
2n
⌉
and
| NAij − R|¿
7
216
p
n2
2n − 2¿
⌈
1
216
p
n2
2n
⌉
;
for n su<ciently large.
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Denote by T the set of elements in B′n which do not belong to any of the antichains
of size c mentioned above. Clearly,
R ⊆ T ⊆ Ls ∪ Ls+1 ∪ · · · ∪ Ln−s:
It remains to partition the set T into antichains of size c except for at most c − 1
elements which also form an antichain. We have
R‘ ∪ Q‘ ⊆ T ∩ L‘; ‘ = s; s+ 1; : : : ; n− s:
Let P be a permutation of the elements of T such that for ‘1¡‘2 the elements of
T ∩L‘1 appear before the elements of T ∩L‘2 , the elements of Q‘ appear before all the
remaining elements of T ∩L‘, and the elements of R‘ appear after all the remaining
elements of T ∩L‘. By the deHnition of R‘ and Q‘, the set R‘ ∪Q‘+1 is an antichain
for ‘= s; s + 1; : : : ; n − s − 1, because 1∈R‘ and 1 =∈Q‘+1. Thus, each subsequence
of  1216 (p=n2)2n successive terms in T forms an antichain. Consequently, for every
c6 1216 (p=n2)2n, B′n can be partitioned into antichains of size c except for at most
c − 1 elements which also form an antichain
Recall that f(n) is the smallest integer t such that there is a partition of B′n into t
antichains of the same size except for at most one antichain of a smaller size.
Corollary 2.7. There is a constant b such that f(n)6bn2= log n.
Proof. Let p+1= log n− log log n. It is routine to check that (2p+1 +p)6n=(p+
1), for n¿128. By Theorem 2.6, for su<ciently large n, B′n can be partitioned into
antichains of sizes  1216 (p=n2)2n except for at most one antichain of a smaller size.
Hence
f(n)6
⌈
2n − 2
(p=216n2)2n
⌉
6
⌈
216n2
p
⌉
=
⌈
216n2
log n− log log n − 1
⌉
:
By the inequality x− log x− 1¿ 12x (true for x¿10) we get log n− log log n−
1¿ 12 log n for n¿2
10, so
f(n)6
⌈
216n2
log n− log log n − 1
⌉
6
⌈
432n2
log n
⌉
6
433n2
log n
:
We have shown that there is a constant n0 such that if n¿n0 then
f(n)6
433n2
log n
:
Then, clearly, there is a constant b such that
f(n)6
bn2
log n
:
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